The main purpose of this paper, is to investigate the basic properties of t-proximinal sets. At first we prove some main results and then we see some classified cases, in finite dimensional fuzzy normed spaces.
Definition 2.2. [14] A fuzzy normed space (FN-space) is a 3-tuple (X, N, T ) where X is a linear space, T is a t-norm
In a fuzzy normed space (X, N, * ), the open ball N p (t) with center p ∈ X and radious t > 0 is defined as follow:
Definition 2.3. [15] Let A be a nonempty subset of a fuzzy normed space (X, N, * ). For x ∈ X and t > 0, let d(A, x,t) = sup{N(y − x,t), y ∈ A}.
An element y 0 ∈ A is said to be a t-best approximation of x from A if
Also we denote:
If each x ∈ X has at least (respectively exactly) one t-best approximation in A, then A is called a t-proximinal (respectively t-Chebyshev) set.
Main Results
In this section we try to see the notion of best approximation from another point of view and then we prove some applied results. Definition 3.1. Let G be a non empty subset of a fuzzy normed space (X, N, * ). An element g 0 ∈ G is called a best approximation to x ∈ X from G if for every g ∈ G and t > 0, we have
The set of such elements g 0 ∈ G that are called best approximations to x ∈ X, is denoted by :
Hence P t G (x) defines a multimap from X in to the power set of G called t-nearest point mapping or t-proximity map.
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, for every x ∈ X and α ∈ R. Proof.
G+y (x + y) if and only if y 0 ∈ G + y and
if and only if (y 0 − y) ∈ P t G (x), if and only if y 0 ∈ P t G (x) + y. Therefore
ii) If α = 0 we have P t αG (αx) = P t 0 (0) = 0. Because 0 ∈ {0} and
Thus assume that α ̸ = 0. Now y 0 ∈ P t αG (αx) if and only if y 0 ∈ αG and
if and only if
Corollary 3.1. Let G be a non empty set of a fuzzy normed space (X, N, * ). Then
i) G is t-proximinal if and only if G + y is t-proximinal, for any given y ∈ X, ii) G is t-proximinal if and only if αG is t-proximinal, for any given α ∈ R.
Proof. In the following theorem we see an important property of t-proximinal sets, t-proximinal sets are closed. Proof. Suppose that G be a t-proximinal set, and the sequence {x n } be such that x n −→ x. we show that x ∈ G, to see this, since G is t-proximinal then
i) G is t-proximinal if and only if P t G (x)
As n −→ ∞, and using the strongly continuity, we have
Now from (3.1) and (FN-2), we have x ∈ G.
The following example shows that the converse of theorem 3.2 need not to be true in general.
and take * = min or product t-norm. It is well known that in this case, the fuzzy topology is the same as the norm topoloy induced by given inner product, hence we try to compute the process in L
with supremum norm and take
We show that G is a closed subspace which is not t-proximinal. By linearity of integration, G is a subspace, hence we show that G is closed. Let {y n } ⊂ G and y n −→ y. So by schwarz , s inequality, we have
As n −→ ∞, we see that
This means that y ∈ G and hence G is closed. Now we try to show that for a given x ∈ X, there is no t-best approximation of x from G. Define x(t) = 1, ∀t, so for each y ∈ G ,
So || x − y || 2 ≥ 1 and equality holds if
Since y is not continuous, it imply that
Now for any given 0 < ε < 1, define y ε as
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Clearly y ε is continuous on [-1,1] , y ε ∈ G and a simple calculation shows that
Hence d(G, x,t) ≤ 1, and it follows that
Thus x has no best approximation in G.
But under which conditions we have the claim? In the next step we try to reply this question.
Definition 3.3. [6] Let (X, N, * ) be a fuzzy normed space. A subset A ⊆ X is called F-bounded if there exists t > 0 and 0 < r < 1 such that N(x,t) > 1 − r, for all x ∈ A.
As a direct result of theorem 2.4 in [8] we have:
. In a finite dimensional fuzzy normed space (X, N, * ), any subset K of X is compact if and only if K is closed and F-bounded.
Also we need the following lemma for the next,
Lemma 3.1. (finite intersection property) Let {C α } be a collection of compact sets in a fuzzy normed space (X, N, * ) such that the intersection of each its finte subcollection is nonempty. Then
Proof. Take the fix element C 1 from {C α } and put G α = C c α . Suppose tha no point of C 1 does not belong to each {C α }. Then {G α } is an open cover for C 1 . Since C 1 is compact there exist α 1 , α 2 , ..., α n such that
But this means that
which is a contradiction.
Theorem 3.4. Let (X, N, * ) be a finite dimensional strong fuzzy normed space. Then each non empty F-bounded and closed subset of X is t-proximinal.
Proof. Suppose that G is a non empty F-bounded and closed subset of X. We show that G is a t-proximinal set. For
then, there exists a sequence {g n } in G such that
But G is closed, so there exists g ∈ G such that lim n→∞ g n = g, hence d(g, x 0 ,t) = 0, which implies that x 0 = g ∈ G, and this is a contradiction. Now form strong property of N, there exists y ∈ X such that
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According to d(g, x 0 ,t) = r 0 and non decreasing propetry of N(x, .), we see that y ∈ G can be choosen such that
Hence, for each r > r 0 we have
This means that for each r > r 0 , y ∈ N x 0 (r), and hence
then by theorem 3.3, G and N x 0 (r 0 + 1 n ) are both compact, and so each B n is compact. Also, we see that B n+1 ⊆ B n , for all n ≥ 1. Therefore, by lemma 3.1, there exists y 0 ∈ X such that y 0 ∈ ∩ B n . Now we have
for all n ≥ 1. As n → ∞, using the continuity propery of N(x, .), we have
On the other hand,
So we have
Thus y 0 is a best approximation for x 0 and therefore, G is a t-proximinal set.
As a well known result, if (X, || . ||) is a normed sapce, then the norm topology and the fuzzy topology, induced by N s with * = min or product t-norm, are the same. So we have:
) be a finite dimensional normed space. Then each non-empty bounded and closed subset of X is proximinal.
The convexity is generally a good condition for t-proximinality. In the following theorem we see that P t G (x) posses this advantage.
Theorem 3.5. Let G be a t-proximinal subset of a fuzzy normed space (X, N, * ), * is a strong t-norm and x
and
∀g ∈ G. In the case of λ = 0, the condition is trivial. Now for 0 < λ ≤ 1 and any g ∈ G, we have
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At the end, we see that t-best approximation points for closed sets, are at the boundary of sets. 
By continuity and non decreasing property of N(x, .) we can choose t 0 such that N(y 0 − x 0 ,t 0 ) > 1 − r. Now take
Then we have
Hence we imply that
Since y 1 ∈ N y 0 (r) ⊂ G. It follows that y 0 is not a best approximation of x 0 , so we have a contradiction. Therefore y 0 ∈ bd(G). 
Conclusion
In this paper, we developed the definition of best approximation, to fuzzy normed spaces (as t-best approximation), we saw it from another point of view, and we proved some basic results for t-proximinal sets. Then we extended some main theorems, to finite dimensional fuzzy normed spaces. Most of them, play a key role in the theory of t-best approximation on fuzzy normed spaces.
